Basing on the Newton's second law and the Maxwell equations for the electromagnetic fields, we establish a new 3D incompressible magneto-hydrodynamics(MHD) equations for the motion of plasma under the standard Coulomb gauge. By using the Galerkin method, we prove a global weak solution for this 3D new model.
Introduction
It is well known that magneto-hydrodynamics is the study of the dynamics for electrically conducting fluids which are frequently generated in nature and industry, for example, the sun, beneath the Earth's mantle, plasma, liquid metals, and so on. We refer to Bittencourt's monograph [2] for the basic background and to Temam's article [21] for related mathematical issues. The model of magneto-hydrodynamics receives an increasing attentions from many scientists. Such as, S. Chandrasekhar [3] first established magneto-hydrodynamic (MHD) equations. Afterwards, the extended magnetohydrodynamics (XMHD) model has been researched in high energy density (HED) plasma systems, see [18] , [19] , [25] and their references.
For the MHD equations, Duvaut and Lions [4] proved the existence of global weak solutions in Leray energy space and the existence of classical solutions locally in time for smooth initial data. Until now, there have been many studies on the problem of regularity of weak solutions for MHD equations. Xin [9] introduced the definition of interior suitable weak solutions This paper is organized as follows. In Section 2 we introduce the new MHD model and also show the new MHD model is compatible with Maxwell equations. Meanwhile, we will analysis the characters of our model and the classical MHD model. In Section 3, we give some notations, definitions and also demonstrate that a global weak solution of the three dimensions incompressible MHD equations.
A new MHD Model

A new model
The motion of plasma obeys the Maxwell equations for electromagnetic fields
where ρ, E, H, J, ǫ 0 and µ 0 denote, respectively, the total charge density of the plasma, the electric field, the magnetic field, the current density, the electric permittivity, and the magnetic permeability of free space. Let A 0 be a scalar potential and A = (A 1 , A 2 , A 3 ) be a magnetic potential. Basing on the mathematical theory of vector fields, we easily get the following equations from (2.1)-(2.4)
Obviously, the equations (2.1)-(2.4) are equivalent to (2.5)-(2.8).
In the following we will deduce new governing MHD equations according to the classical Newton's second law and the Maxwell equations (2.5)-(2.8).
Firstly, from the Newton's second law, the motion of plasma are governed by the following Navier-Stokes equations
where u = (u 1 , u 2 , u 3 ) is the velocity field, p is the pressure, J × H is the Lorentz force, J is current density, f is the external force, ρ 0 is the mass density and ν is the dynamic viscosity. It is known that the plasma current density is in direct proportion to the speed of plasma motion, 10) where the constant ρ e is the equivalent charge density, which is a constant. Together (2.9) with (2.10), we get
Secondly, we shall obtain an equation of the motion for the magnetic field. From (2.7), we have
Then, combining (2.6) and (2.12), we obtain
where Φ = ∂A 0 ∂t .
As the matter of fact, based on the Lorentz invariance of electromagnetism theory in [16] , the equations (2.5)-(2.8) can be equivalently written as follows 14) where
is the 4D electromagnetic potential, J ν = (−cρ, J) is the 4D current density. By the 4D current conservation law
and the identity 16) we have that 17) which implies that the number of independent equations in (2.14) are three and the number of unknown functions of (2.14) are four. Hence, we need to supplement a equation , physically called the gauge-fixing equation, to enure a physical solution. Basing on the physical fact, we take the Coulomb gauge
By (2.18), we obtain rot
Therefore, (2.13) can be rewritten as follows
Finally, from (2.9), (2.10) and (2.19), a new 3D incompressible MHD system is given by:
, ρ e , ǫ 0 and µ 0 denote, respectively, the velocity field, the magnetic potential, the pressure, the external force, the magnetic pressure, the dynamic viscosity, the mass density, the equivalent charge density, the electric permittivity and the magnetic permeability of free space. Remark 2.2. When the dimension N of the space is 2, the operator curl and curl are defined as follows
It is easy to observe that the two-dimension formula is given by
Eventually, our new model is also true for the 2D MHD.
Compatible with Maxwell equation
It is known that the second equation of (2.20):
is derived from the equations (2.5)-(2.7). The gauge-fixing equation (2.18) is the Coulomb gauge. Now, we will show that the model (2.20) is compatible with the Maxwell equations (2.5)-(2.8)(or equivalently (2.1)-(2.4)). Namely, we need to prove that (2.21) and (2.18) are compatible with the equation (2.4).
To divergent both sides of (2.21), and by (2.18), we get
On the other hand, by (2.8), we obtain
because ρ is a constant in the plasma. By (2.6) and (2.18), we deduce that
which implies (2.21) and (2.18) are compatible with the equation (2.4).
The classical magneto-hydrodynamics (MHD) equations
The classical magneto-hydrodynamics(MHD) equations was established by S. Chandrasekhar in [3] . He took the following assumption 25) then the equations (2.3) can be rewritten as follows
The current density J is described by Ohm's law
where σ is the coefficient of electrical conductivity. According to (2.27), we get
It follows that from (2.26) and (2.28)
Inserting (2.29) for E into equation (2.1), we have
For simplicity, setting µ = σµ o µ, then (2.30) takes the form
Similar to (2.9), for the incompressible fluid, the equation of motion take the form
where u = (u 1 , u 2 , u 3 ) is the velocity field, p is the pressure, f is the external force, ρ 0 is the mass density and ν is the dynamic viscosity.
Combining the motion of fluid and the the energy conservation, and ignoring the displacement current, the classical MHD equations are given by (2.31)-(2.33) as follows
where u, H, p, ν, µ and ρ 0 denote, respectively, the velocity field, the magnetic field, the pressure, the dynamic viscosity, the resistivity and the mass density. 
Existence of the global weak solution of the MHD
Now, we study the new 3D incompressible MHD equations with external force f (x)
Here u(x, t) = (u 1 , u 2 , u 3 ) is the velocity field, A(x, t) = (A 1 , A 2 , A 3 ) is the magnetic potential, p is the pressure, Φ = ∂A 0 ∂t is the magnetic pressure with the scalar electromagnetic potential A 0 , ν 0 is the dynamic viscosity, ρ 0 is the mass density, ρ e is the equivalent charge density, ǫ 0 is the electric permittivity and µ 0 is the magnetic permeability of free space. Hereafter, we only consider the following boundary conditions
2)
The initial conditions are chosen as follows
Notations and definitions
We give a few notations and definitions and then state our main result of this paper. Let Ω ⊂ R 3 be a bounded domain. Let H τ (Ω)(τ = 1, 2) be the usual Sobolev space on Ω with the norm || · || H τ and L 2 (Ω) be the Hilbert space with the usual norm || · ||. The space H 1 0 (Ω) we mean that the completion of C ∞ 0 (Ω) under the norm || · || H 1 . If ̥ is a Banach space, we denote by L p (0, T ; ̥) the Banach space of the ̥-value functions defined in the interval (0, T ) that are L p -integrable.
We also consider the following spaces of divergence-free functions (see Temam [20] )
(Leray decomposition). Throughout the paper P will denote the orthogonal projection from L 2 (Ω, 
3. For any function v ∈ X, there hold
Existence theorem
For the classical MHD equations, Duvaut and Lions [4] proved the existence of global weak solutions in Leray energy space and the existence of classical solutions locally in time for smooth initial data. Now, we state our main result as follows.
, then there exists a global weak solution for the problem (3.1)-(3.3).
Proof. Based on the standard Gerlinkin's method. Let {e k } ∞ k=1 be W and Y common orthogonal basis. We consider the finite dimensional subspaces W k = span{e 1 (x), e 2 (x), ..., e k (x)}, k ∈ N, the corresponding orthogonal projections P k : W → W k . The approximate solutions 4) expanded in terms of eigenfunctions of Stokes operators. Then, the coefficients c ik (t) and d ik (t) are found by requiring that u k and A k satisfy the following equations:
which owns the weak form
It follows that (3.10) and (3.11), we have the following estimate by Gronwall inequality
Furthermore, (3.12) implies that the global existence in t for approximations (u k , A k ) and also that
Therefore, we conclude that there exist
and subsequence,which we still denote by {u k }, {A k }, {A k t } to simplify the notation, i.e.,
. We want to obtain a uniform bound for
we need to show that each term on the right of (3.14) is uniform bounded. For any h(0 < h < 1) and v ∈ X, it is easy to see that So, the problem (3.1)-(3.3) exists a global weak solution.
